A titanium dioxide (TiO 2 ) chiral sculptured thin film (STF) fabricated using a serial bi-deposition (SBD) method based on electron beam evaporation has been studied using spectroscopic Mueller matrix ellipsometry (MME). Complete Mueller matrices for the SBD TiO 2 chiral STF have been measured using a dual-rotating compensator spectroscopic ellipsometer over the spectral range from 250 to 825 nm in transmission mode, both at normal incidence (θ i = 0°) and over a range of oblique angles (5° < θ i < 60°). A multilayer structurally-graded optical model has been applied to deduce spectra in the three principal indices of refraction that characterize the locally biaxial structure, using as input the complex amplitude transmission ratios deduced from the Mueller matrix measured at normal incidence. A Bragg resonance feature has been observed, and this feature blue-shifts with increasing angle of incidence. Predictions of the transmittance for circularly polarized light normally incident upon the SBD TiO 2 chiral STF can be obtained simply by multiplying the unnormalized Mueller matrix by the appropriate Stokes vector, and the results are in excellent agreement with direct measurements.
INTRODUCTION
Sculptured thin films (STFs) can be prepared in physical vapor deposition (PVD) processes that provide the capability of source flux directional control [1] . Such films are deposited by directing the flux at an oblique angle with respect to the substrate surface while simultaneously rotating the substrate in a continuous or stepwise fashion. The PVD conditions are chosen to ensure a columnar morphology so that the columns align azimuthally in the flux direction. A well-defined relationship, e.g. the tangent rule [2] , is often found between the flux angle and the polar column angle θ (measured with respect to the substrate normal and serving as one of the two Euler angles that define the local film structure). As a result, the STF can be tailored to exhibit locally uniaxial or biaxial optical properties. A chiral STF is deposited using continuous substrate rotation so as to produce film structure that can be described as an assembly of upright, parallel, helical columns. A film deposited in this manner is the solid-state analogue of a chiral liquid crystal, and exhibits unique polarizationdependent optical behavior. In fact, the helicoidal morphology of chiral STFs, being periodic, engenders the circular Bragg phenomenon analogous to the Cotton effect in homogenous chiral media [3] . For example, circularly polarized light couples to the helices present in the film if the handedness of the light and the STF coincide, resulting in enhanced transmittance in the vicinity of the Bragg resonance [4] [5] [6] . Due to the ability to tailor their optical characteristics, chiral STFs are of interest for a wide variety of applications in optoelectronic devices such as photovoltaics [7, 8] and microelectronic devices, microcavities [9] , biological sensors [10] , and bioabsorption devices [11] .
In this work, a titanium dioxide (TiO 2 ) chiral STF has been fabricated using electron beam evaporation in a serial bi-deposition (SBD) mode [6, 12] and studied using spectroscopic Mueller matrix ellipsometry (MME). STFs fabricated from TiO 2 using SBD are of particular interest for fundamental optical studies due to the high index of refraction of the bulk material. As a result, films fabricated using this technique can exhibit normal incidence Bragg resonances in the visible spectral range at wavelengths in the range ~450-650 nm [13] [14] [15] . Although normal incidence transmission and reflection measurements can demonstrate this behavior, it is impossible to completely characterize the relationships between the optical and structural properties of anisotropic materials such as STFs on the basis of such measurements. In contrast, analysis of MME data provides spectra in each of the principal indices of refraction (n x ', n y ', n z '), as well as microstructural parameters such as film thickness and the polar angle and near-substrate azimuthal angle of the helices [16] .
Complete Mueller matrices for the SBD TiO 2 STF are measured using a dual-rotating compensator spectroscopic ellipsometer covering a spectral range from 250 to 825 nm. The measurements are performed in transmission mode at normal incidence (θ i = 0°) and at oblique incidence (5° < θ i < 60°). The spectroscopic ellipsometer incorporates a multichannel detector which provides the ability to extract spectra in the full 4 x 4 (real) Mueller matrix of the sample in a single optical cycle of the two synchronized rotating compensators [17] . The real elements of the Mueller matrix can over-determine the complex elements that define the non-diagonal Jones matrix, the latter providing the traditional means for the characterization of anisotropic non-depolarizing media. A multilayer optical model is applied in the analysis of the (2,2)-normalized Jones matrix obtained at normal incidence in order to provide microstructural information as well as spectra in the principal indices of refraction. The nonnormal incidence measurements allow characterization of the blue shift in the Bragg resonance with increasing angle of incidence. Such a blue shift has been observed previously in chiral MgF 2 STFs by MME over an angle of incidence range from 0° < θ i < 85 o [16] and in spectral hole filters using chiral SBD TiO 2 STFs with a central defect by Hodgkinson et. al. through transmittance measurements over a range 0° < θ i < 35 o [18] . In this work, the measured spectroscopic Mueller matrices serve to premultiply the Stokes vectors for left-and right-handed circular polarized light in order to identify the blue shift of the Bragg resonance feature in SBD TiO 2 STFs for angles of incidence over the full range 0° < θ i < 60 o . The fundamental understanding gained from MME and its associated analysis is expected to provide assistance in further engineering and optimizing these novel materials. In particular, by tailoring the microstructure and indices of refraction for specific applications, the characteristics of the Bragg resonance feature can be controlled.
EXPERIMENTAL DETAILS

Sculptured Thin Film Deposition
The TiO 2 STF characterized in this study was deposited using electron beam evaporation of TiO 2 onto an unheated Corning 7059 glass substrate for transmission spectroscopic ellipsometry measurements and co-deposited on a crystal silicon wafer for scanning electron micrograph (SEM) studies. The film was deposited for 160 minutes at a base pressure of 5 x 10 -6 Torr and a constant beam power setting. To obtain optical anisotropy in the deposited film, the incident flux was directed onto the substrates at an oblique angle set at 77.5° with respect to the substrate normal, and the substrate was rotated simultaneously in a serial bideposition sequence so as to obtain a chiral microstructure with local biaxial symmetry [6] . The rotational period was 20 minutes and the step size in the serial bi-deposition was 1°. A cross-sectional micrograph of the resulting TiO 2 STF co-deposited on a silicon substrate is shown in Fig. 1 . Although eight complete revolutions of the substrate were performed during growth, only a subtle periodicity is observed in Fig. 1 , appearing to show 16 periods. This behavior is attributed to the shape of the columns, which can be likened to a twisted ribbon; each half-turn is identical.
Ellipsometer Description
The dual rotating-compensator configuration, as depicted in transmission mode in Fig. 2 , is denoted PC 1r (ω 1 )SC 2r (ω 2 )A, where P, C 1r (ω 1 ), S, C 2r (ω 2 ), and A represent the polarizer, first rotating compensator, transmitting or reflecting sample, second rotating compensator, and analyzer [19] [20] [21] [22] . The detected waveform is: n max I(t) = I 00 M 11 {a 0 + Σ[a 2n cos(2nωt − φ 2n ) + b 2n sin(2nωt − φ 2n )]}.
(1) n=1
For (ω 1 , ω 2 ) = (5ω, 3ω), n max = 16 and {a 0 , (a 2n , b 2n ); n = 1, ...,8, 10, 11, 13, 16} describe the 25 dc and non-zero unnormalized ac Fourier coefficients [17, 23] . These coefficients are associated with:
• (2ω 2 , 2ω 1 ) double frequencies with n = (3, 5) and phases: φ 6 = 6C S2 and φ 10 = 10C S1 ;
• (4ω 2 , 4ω 1 ) quadruple frequencies with n = (6, 10) and phases: φ 12 = 12C S2 and φ 20 = 20C S1 ;
• (4ω 2 − 2ω 1 , 2ω 1 − 2ω 2 , 4ω 1 − 4ω 2 , 4ω 1 − 2ω 2 ) difference frequencies with n = 1, 2, 4, 7 and phases: φ 2 = 12C S2 − 10C S1 ; φ 4 = 10C S1 − 6C S2 ; φ 8 = 20C S1 − 12C S2 ; φ 14 = 20C S1 − 6C S2 ; Fig. 2 . Schematic of the dual rotating compensator spectroscopic ellipsometer in transmission mode.
• (2ω 1 + 2ω 2 , 2ω 1 + 4ω 2 , 4ω 1 + 2ω 2 , 4ω 1 + 4ω 2 ) sum frequencies with n = 8, 11, 13, 16 and phases: φ 16 = 10C S1 + 6C S2 ; φ 22 = 10C S1 + 12C S2 ; φ 26 = 20C S1 + 6C S2 ; φ 32 = 20C S1 + 12C S2 .
Here, (C S1 , C S2 ) are defined by C 1 '(t) = 5(ωt − C S1 ) and C 2 '(t) = 3(ωt − C S2 ), where C 1 '(t) and C 2 '(t) are the true azimuthal angles of the compensator fast axes at time t. Thus, −5C S1 and −3C S2 are these angles at t = 0, defined separately for each detector pixel as the onset of irradiance integration for the first measured optical cycle. Finally in Eq. (1), I 00 is the instrument spectral response and M 11 is the (1,1) Mueller matrix element of the sample. The rationale for selecting (ω 1 :ω 2 ) = (5:3) is as follows [22] . First if one sets (ω 1 , ω 2 ) = (kω, ω), then k = 5 is the minimum integer that completely separates all 12 frequencies, and thus, provides the full Mueller matrix from one optical cycle [19, 22] . Next if one sets (ω 1 , ω 2 ) = (5ω, mω), then any one of the frequencies m=1,…, 4, 6,… for example, provides the full Mueller matrix. Eq. (1) applies for each of these cases, but with n max = 2(5 + m). For m = 1, there are no missing frequencies; however, for the other integers the missing frequencies are given by (m = 2: n = 11, 13); (m = 3: n = 9, 12, 14, 15), and (m = 4; n = 7, 11, 12, 15, 16, 17) . The drawback in using a higher integer m is that the highest frequency component in the waveform increases; thus, a larger number of readouts (N = 4m + 21) is required per optical cycle for a complete waveform analysis. Assuming a minimum detector readout time of 5 ms, for example, this requirement reduces the maximum possible optical frequency {(ω max /π) = [(0.005)(4m + 21)] -1 Hz} from 8 Hz for m = 1 to 5.4 Hz for m = 4, and thus, increases the minimum measurement time (π/ω max ) from 0.125 ms for m=1 to 0.185 ms for m = 4. The advantage in using a higher integer is that the second (assumed lower) mechanical rotation frequency (ω 2 = mω max /2π) is increased, specifically to 10.8 Hz for m = 4 from 4 Hz for m = 1, and this tends to improve motor stability. For the instrument described here, m = 3 was selected as a trade-off and motor frequencies of 10 and 6 Hz were chosen.
Data Reduction
Mueller matrix elements
The dc and dc-normalized ac Fourier coefficients from Eq. (1), written as {I 0 , (α 2n , β 2n ); n = 1, ..., 16}, are given by I 0 = a 0 I 00 M 11 , α 2n = a 2n /a 0 , and β 2n = b 2n /a 0 . From these coefficients, the normalized Mueller matrix elements {m ij = M ij /M 11 ; i = 1,...,4; j =1,...,4} can be determined, where M 11 = I 0 /(a 0 I 00 ). The simplicity of the derived expressions is notable, considering that they incorporate arbitrary polarizer angle P', analyzer angle A', and compensator retardances, δ j (j = 1, 2) [22] .
The eight coefficients associated with 4ω 1 − 4ω 2 (n = 4), 4ω 2 (n = 6), 4ω 1 (n = 10), and 4ω 1 + 4ω 2 
where
Here B 2n = α 2n + iβ 2n , B 2n * = α 2n − iβ 2n , s j = sin 2 (δ j / 2), and t j = tan The upper right element requires the 2ω 1 (n = 5) and 4ω 2 − 2ω 1 (n = 1) or 2ω 1 + 4ω 2 (n = 11) frequency components:
The lower left element requires the 2ω 2 (n = 3) and 4ω 1 − 2ω 2 (n = 7) or 4ω 1 + 2ω 2 (n = 13) frequency components:
Finally, m 44 requires either the low frequency 2ω 1 − 2ω 2 (n = 2) or the high frequency 2ω 1 + 2ω 2 (n = 8) components: 
For the evaluation of M ij =M 11 m ij from {I 0 , (α 2n , β 2n )} in data reduction, one requires I 00 , P' = P − P S , C S1 , C S2 , δ 1 , δ 2 , and A' = A − A S , all of which are determined in calibration [17, 23] .
Here P' and A' are given in terms of nominal readings, P and A, and offset corrections, P S and A S . A set of the 15 normalized Mueller matrix elements for the TiO 2 sculptured thin film deposited on glass is shown in Fig. 3 .
Complex amplitude transmission coefficients
For a perfect, non-depolarizing sample with Mueller matrix M P , measured by an error-free instrument, an alternative description of the reduced data is in terms of the complex elements of the 2x2 Jones matrix J. These are obtained by inverting the 4 x 4 matrix equation [24, 25] :
where '⊗' denotes the Kronecker product. The following definitions have been adopted for the complex amplitude transmission coefficients:
, where the inner subscripts t and i indicate the transmitted and incident electric fields and the outer subscripts j and k denote the p and s polarization states. Thus, J 11 = t pp , J 12 = t ps , J 21 = t sp , and J 22 = t ss . Finally in Eq. (3), A is a conversion matrix with A 11 = A 14 = A 21 = −A 24 = A 32 = A 33 = 1, A 42 = −A 43 = i, and with all other elements A ij = 0 (within the E ∝ e iωt field convention used here and in Ref. [24] ). At the next level of complexity, if one allows the possibility of sample imperfections that generate completely random depolarization [26, 27] , then
Combining Eqs. (3) and (4) then gives the Kronecker product for the Jones matrix:
In Eqs. (4) and (5) Only the amplitude squares of the ratios can be deduced from the upper left (UL) block [17] :
Equations (6)- (8) represent fifteen independent results that over-determine the complex amplitude transmission ratios. Comparisons of the ratios determined by these multiple methods for the Mueller matrix from Fig. 3 are depicted in Fig. 4 .
The parameter D p can also be derived from a consistency check on the matrix M P , yielding a sixteenth expression that utilizes all 15 elements of the normalized Mueller matrix: 
The assumption of completely random depolarization is never satisfied in reality. This parameter can be used, however, to account approximately for small effects such as the collection of multiply scattered light by the polarization detection arm [27] . This may occur for STFs due to unintended macroscopic roughness or void structures. D p may also be used to simulate and correct for the effect of spectrograph stray light, an ellipsometer imperfection [28] . In fact, the second term at the right in Eq. (4) gives rise to an additional dc irradiance contribution at the detector, i.e., above that generated by a perfect sample, and the stray light contribution at the detector is expected to appear similarly in form to first order. This similarity allows for automatic correction by incorporating the parameter D p in Eq. (5). Rather than using the six parameter set {Re(τ jk ), Im(τ jk ); (j,k) = (p,p); (p,s); (s,p)}, one can convert the ratios to the ellipsometric angles {(ψ jk , ∆ jk ); (j,k) = (p,p); (p,s); (s,p)} where τ jk ≡ tanψ jk exp(i∆ jk ). Finally, the discussion of this section is valid for Mueller matrix reflection ellipsometry, as well, in which case the complex amplitude transmission coefficients t jk and the inner subscript t are replaced by the complex amplitude reflection coefficient r jk and the inner subscript r. Also, the amplitude reflection ratios τ jk are replaced by ρ jk .
Optical Model
In analyzing complex amplitude transmission ratios (τ pp , τ ps , τ sp ) at normal incidence, one can rotationally transform Berreman's equation [29] using the Oseen transformation [30] to derive a single transfer matrix that describes the entire chiral film [31] . This procedure has its limitations, however, in that it is not straightforward to obtain a single wave transfer matrix for non-normal incidence [32] [33] [34] , and the procedure cannot be applied to model nonuniformities with depth into the film. Thus, an alternative multilayer analysis method adaptable under those two circumstances has been adopted [16] . This method of analysis incorporates microstructural information including the thickness, pitch, and Euler angles. In this model, a film of thickness d and pitch P is treated as a product of N transfer matrices each for a biaxial sublayer of thickness ∆d = d/N. In the Euler angle definitions, the rotations transform the "unprimed" or substrate/wave coordinate system into the "primed" or principal axis coordinate system of the columnar sublayer. Here, z points toward the substrate perpendicular to its surface and z' points toward the substrate, but parallel to the columns of the film. Thus, θ is the angle directed from z to z' and φ is the angle directed from x (i.e. the axis of intersection of the plane of incidence with the substrate surface) to x' (i.e. the axis in the surface plane orthogonal to the projection of the column axis in this plane) as shown in where a m provides a constant additive term to the index of refraction, b m and c m provide dispersion, and λ is the wavelength. This expression is commonly used to represent nonabsorbing materials, k = 0, in the visible spectral range [35, 36] . The anisotropy of the void structures gives rise to the biaxial optical properties of the chiral film. In principle, it is possible to start from the dielectric function of dense polycrystalline TiO 2 and predict the principal axis dielectric functions ε m ' = n m ' 2 (m = x, y, z) of the chiral film through an appropriate effective medium theory that incorporates anisotropic screening parameters and void volume fractions. In this study, however, the three principal axis dielectric functions are introduced into the model independently without relying on an effective medium theory, and as a result the uniform chiral film can be described by nine Cauchy parameters that describe a set of three principal axis dielectric functions. For such a uniform film, only the Euler angles are varied from one sub-layer to the next.
Non-uniformities can occur in the chiral films with depth, and these can be modeled using the multilayer analysis method. Possible non-uniformities include a variation in the size and packing density of the helicoids, a variation in the density of the material that forms the helicoids, as well as surface roughness, which can be characterized as a density deficient overlayer having void structures with a wide range of in-plane sizes. In modeling such nonuniformities, a single expression can be used to vary all three principal axis dielectric functions together since this approach simplifies greatly what are assumed to be small perturbations to the uniform film model. The expression used in this study takes the form:
( 1 1 ) which generalizes several different effective medium theories [37] . In this expression, ε m '(eff) describes the m th principal axis effective dielectric function (m = x', y', z') modified by non-uniformity, ε h,m describes the host dielectric function, which determines the specific effective medium approximation, and κ m and f m describe the geometry of the non-uniformity, the screening and density deficit parameters, respectively. In the Bruggeman approximation used here, the host dielectric function is assumed to be the effective dielectric function, so that ε h,m = ε m '(eff). For the simulation of a reduced packing fraction of columns, e.g. near the substrate interface or surface, then κ x' = κ y' = 1, for maximum screening, and κ z' = 0, for minimum screening. As f m increases from 0 to 1, ε m '(eff) varies from ε m ' to 1, the latter describing free space, and thus this parameter enables weak non-uniformities to be incorporated into the model with a minimum number of free parameters.
In this study, the non-uniformity introduced is random surface roughness in which case all κ m values are set to ⅓ and f m values are equated to a single value f for all principal axis directions. As a result, the only free parameters in the model for surface roughness are f s , the surface value of f, and d s , the thickness of the rough layer, which together establish the gradient in the density deficit as shown in Fig. 6 (top) . In this respect, the total film thickness is represented as a combination of the "bulk film" region (j > G) where the density deficit parameter f is equal to zero, and a "surface roughness region" (j < G) where f varies from zero to a maximum value f s at the j = 1 sublayer at the film/ambient interface. Thus, the density gradient is represented by:
where G is given by G = N(d s /d). The overall optical model including both uniform and non-uniform components provides the ability to fit, τ pp , τ sp , and τ ps spectra simultaneously at an arbitrary angle of incidence using least squares regression analysis with 15 free parameters. Four parameters of this model describe the uniform microstructure; these include the overall film thickness, d; the pitch of the helices, P; the polar Euler angle, θ; and the azimuthal Euler angle at the substrate interface, φ 0 . Two additional parameters characterize the non-uniformity; these include the sublayer, G, demarcating the bulk and void gradient regions, from which the roughness layer thickness can be deduced according at the film / ambient interface, f s . Additionally, nine free parameters define the optical properties of the uniform film. These parameters originate from the Cauchy expressions, a m , b m , and c m in each principal axis direction (m = x', y', z').
RESULTS AND DISCUSSION
The TiO 2 STF measured by Mueller matrix spectroscopy was prepared by electron beam evaporation of TiO 2 onto an unheated glass substrate, as described earlier. Rotating the substrate during deposition in a serial bi-deposition sequence results in a chiral microstructure with local biaxial symmetry. The associated optical anisotropy can be detected from the deviations in the normal incidence Mueller matrix from the identity matrix. A cross sectionsectional micrograph of the TiO 2 STF co-deposited on a silicon substrate indicates a film thickness of 2.3 µm, as shown in Fig. 1 . In order to obtain complete Mueller matrices, an example of which was shown in Fig. 3 , the sample deposited on glass was measured by dual rotating-compensator spectroscopic ellipsometry in transmission mode, not only at normal incidence, but also at varying angles over the range 5° < θ i < 60°. The real elements of the measured Mueller matrices were then converted to the complex elements of the 2 x 2 Jones matrices, and ultimately into complex amplitude transmission ratios, τ pp , τ ps , and τ sp , as was shown in Fig. 4 . A clear resonance feature can be observed near ~ 450 nm in all elements of the Mueller matrix obtained at normal incidence and in both the real and imaginary parts of the deduced complex amplitude transmission ratios. This resonance feature is similar to that observed in the Mueller matrices of the blue phases of cholesteric liquid crystals [38] . The reflected irradiance and polarization ellipticity data presented by Bohley and Scharf at a [38] indicates that the STF exhibits a larger change in the magnitude of the m 14 and m 41 Mueller matrix elements, ~ 0.6 for the TiO 2 STF and ~ 0.01 for the blue phases of cholesteric liquid crystals, at their respective θ i = 0° resonance wavelengths as the angle of incidence is increased to θ i = 45°. It should be noted that the lack of spectroscopic data for the liquid crystal calculations makes it difficult to evaluate the shift in the wavelength of the resonance as a function of angle of incidence as has been revealed quite clearly in the present study.
For the θ i = 0° measurement, the three complex amplitude transmission ratios were fit simultaneously using the multilayer optical model (N = 300) described in the previous subsection. In this fit, information pertaining to the microstructure and optical properties of the material is extracted. Figure 7 provides an example of the best fit of the optical model to the experimental τ sp and τ ps spectra. The following microstructural parameters characterized the best fit model: a total film thickness of d = 2.296 µm, a pitch of P = 0.287 µm, a polar Euler angle of θ = 32°, an azimuthal Euler angle of φ 0 = 128° at the substrate/film interface, a density deficit of f s = 0.92 at the film/ambient interface, and a 0.0877 µm thick graded layer that describes the surface roughness. The total film thickness deduced from the fit is in excellent agreement with that obtained from the micrograph of the co-deposited sample in Fig. 1 , and there is likewise good agreement between the pitch deduced from the fit and that predicted by dividing the micrograph film thickness by the total number of turns performed during the deposition. The observation that the graded layer thickness is only ~4% of the total thickness and 30% of the pitch indicates that the density deficient region arises from roughness on the surface of the STF. Figure 8 depicts the spectra in the principal indices of refraction n x ', n y ', n z ' also extracted from the optical model. Considering the possible range of indices for bulk, single-crystal Fig. 8 . Principal index of refraction spectra (n x ', n y ', n z ') deduced for the TiO 2 chiral sculptured thin film fabricated by electron beam evaporation using a serial bideposition sequence.
TiO 2 (2.5-3.2 at a wavelength of 450 nm, depending on the crystalline phase and polarization direction), the Bruggeman effective medium approximation assuming an isotropic aggregate structure predicts a range of possible void volume fractions for the bulk STF material from 0.5 to 0.7, a reasonable result considering the porosity evident in Fig. 1 . Additionally, the birefringence and indices of refraction are in reasonable agreement with those obtained for the principal indices of refraction at λ = 633 nm for columnar TiO 2 thin films [39] , although the indices of refraction obtained in this study are lower by ~ 0.1-0.2. Similar bi-deposited chiral TiO 2 STFs have been studied previously using ellipsometry, and the average index of refraction and birefringence were determined; however, the optical measurement techniques were inadequate to extract the principal indices of refraction [12] . The technique used in Ref. [12] is sensitive to the optical properties in the measurement coordinate system (x,y,z), but is unable to discern the indices in the principal axis coordinate system (x′,y′,z′). The average index of refraction and birefringence are bound by the minimum and maximum values of the principal indices of refraction, although the relationship between these values and the "average" also depends on the measurement angle of incidence. The observation that the principal indices of refraction obtained in this study are smaller than the effective indices of refraction from Hodgkinson, et. al. , is most likely due to differences in the stoichiometry of the oxide and in the deposition conditions such as the chosen oblique angle of deposition.
Although modeling the complex amplitude transmission ratios provides insight into the microstructure and optical properties, the 4 x 4 Mueller matrix is additionally useful in that it gives a complete description of the polarization modifying properties of a transmitting or reflecting sample [24] . The Mueller matrix is defined so as to premultiply an incoming beam Stokes vector to predict the outgoing beam Stokes vector. Thus, it is possible to predict the effect of the TiO 2 STF on right-and left-circularly polarized light by premultiplying each of the two normalized Stokes vectors S R/L = (1 0 0 ±1) T by the unnormalized Mueller matrix of the STF. With these incoming beam Stokes vector expressions for circular polarization, unit incident irradiance is presumed, as is a transpose to column vector form for brevity, indicated by T. Figure 9 shows the predicted transmittance, i.e., from the first component of each transmitted wave Stokes vector, for the incident right-and left-circularly polarized waves. The Mueller matrix used in this calculation is unnormalized and obtained at normal incidence. The gradual loss in transmittance with decreasing wavelength for both spectra in Fig. 9 attributed to the absorption onset of the TiO 2 . Superimposed on this onset is a prominent Bragg feature centered near 450 nm − but only for the left-circularly polarized wave. This demonstrates that in the neighborhood of the resonance, the film serves as a circular polarization filter with the left-component being strongly reflected and the right-circular component being transmitted. Also shown in Fig. 9 are the results of a direct measurement of the transmittance for incident right-and left-circular polarization states, generated by passing the incident beam through a polarizer and achromatic compensator. The agreement is excellent between the measurement and the Mueller matrix computation. The Mueller matrix approach has the advantage of being able to predict not only the transmitted beam irradiance, but also polarization ellipse shape and degree of polarization for any incident polarization state. The experimental Mueller matrix, the complex amplitude transmission ratios, and the normal incidence transmittance for incident right-and left-circularly polarized light have all demonstrated a Bragg resonance feature near 450 nm in spectroscopic measurements at normal incidence. Mueller matrix and complex amplitude transmission ratio spectra collected at non-normal angles of incidence, θ i ≥ 5°, exhibit a similar resonance feature which blue shifts with increasing incidence, as illustrated in the behavior of |τ pp | 2 at θ i = 55° in Fig. 10 . Using the microstructural parameters and optical properties determined from the optical model fit of the θ i = 0° measurement, the complex amplitude transmission ratios, and hence the normalized Mueller matrices, have been simulated at oblique angles of incidence up to θ i = 60°. Each simulated normalized Mueller matrix was then used to premultiply the normalized Stokes vectors for incident right-and left-circularly polarized light, in order to identify the location in the Bragg resonance, as it would appear in standard transmittance or reflectance measurements. Reasonable agreement is depicted in Fig. 11 between the Bragg resonance positions obtained theoretically and those from experiment, the latter revealing blue shifts from 450 to 390 nm as θ i increases from 0° to 60°. Although the difference between the resonances determined by the simulated and experimental Mueller matrices are generally less than 10 nm and essentially zero at normal incidence, this difference monotonically increases with angle of incidence. A possible explanation for this shift is that the TiO 2 film may become increasingly absorbing at shorter wavelengths. The simulated Mueller matrix was determined from optical properties assuming a Cauchy expression and no absorption, which could easily account for the discrepancy.
The resonance positions, i.e. the minima in transmittance for left-circularly polarized light, are consistent with simple Bragg theory in which case the projection of two pitches onto the propagation vector of the light must match s wavelengths in the film to achieve resonance [40] . This condition is given by:
and the results for s = 2 is also plotted in Fig. 11 . Although different forms of the Bragg resonance position dependence on the angle of incidence have been reported [16, 40, 41] , these equations are approximately equivalent at low angles of incidence and show the resonance position shifts to shorter wavelength with increasing angle of incidence. The average index of refraction, obtained from Eq. (13) and fit to a Cauchy expression, indicates a value of n av = 1.56 at a wavelength of 450 nm, which is in reasonable agreement with that expected from the principal indices of refraction (n x ' = 1.52, n y ' = 1.62, n z ' = 1.69). These results present a clear experimental verification of Bragg resonance behavior for a serial bi-deposited TiO 2 STF. 
SUMMARY
Dual rotating-compensator multichannel ellipsometry has been applied to measure the full Mueller matrices in transmission at varying angles of incidence, for a TiO 2 sculptured thin film (STF) prepared using electron beam evaporation and a serial bi-deposition sequence. Different methods for converting the Mueller matrix to the complex amplitude transmission ratios have been shown to yield similar results, demonstrating the internal consistency of the Mueller matrix. Using a multilayer optical model to fit experimental complex amplitude transmission ratios, we have obtained information pertaining to the STF microstructure such as thickness, Euler angles, chiral pitch, and relative density gradients, as well as optical information, namely the spectra in the principal indices of refraction. The Mueller matrix provides the transmitted polarization state for any incident state, and excellent agreement has been demonstrated between the transmittance of right-and left-circularly polarized incident light predicted by the Mueller matrix and obtained by direct measurement. The presence of a Bragg resonance feature in these spectra have indicated that this type of STF can be used as a circular polarization filter to selectively transmit (or reflect) either right-or left-circularly polarized light. Furthermore, experimental complex amplitude transmission ratio spectra, as well as spectra simulated using the optical model, for oblique angles of incidence have shown consistent blue shifts in the Bragg resonance with increasing angle of incidence.
